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ABSTRACT

In Discrete Multitone (DMT) transceivers, a time domain
equalizer (TEQ) is used to shorten the efiective channel im-
pulse response such that a shorter cyclic prefix can be used.
In this paper, we pose the TEQ design problem completely
in the frequency domain by defining a frequency-domain
weighted least squares cost function. The definition of the
frequency-domain TEQ design criterion, we show, allows
for the introduction of a weighting function to control the
spectral shape of the TEQ, and facilitates important exten-
sions Darticularlv useful for the DMT svstem. The TEQ
can be used to suppress the noise and interference in the
DMT system, a feature especially useful in the frequency
division multiplexing based DMT system, Also, in the echo-
cancellation based DMT system, the TEQ can be used to
jointly shorten the echo response thus reducing the com-
plexity of the echo canceler

1. INTRODUCTION

Multi-carrier modulation (MCM) has ‘been proposed for
parallel communication in late 1950s [1] based on the con-
cept of creating multiple orthogonal subchannels over which
several data streams can be sent without intersymbol inter-
ference (1S1). This modulation scheme provides flexibility
for adapting to different channel environments by adjust-
ing the energy and constellation size of each carrier. One
implementation of MCM is the Discrete Multitone (DMT)
system which uses the discrete Fourier transform (DFT)
for modulation [2], [3]. DMT has recently been chosen as
the industry modulation standard for asymmetrical digital
subscriber line (ADSL) modems [4] and is also a candidate
modulation scheme for very-high-speed digital subscriber
line (VDSL) systems [5].

In the DMT system, a cyclic prefix of length ~ provides
a guard time between transmitted symbols. If the channel
response is of length -y+ 1 or shorter, DMT symbols can be
transmitted free of 1S1. Using large ~ values to compensate
for the length of the channel response, however, decreases
the efficiency (introduces an overhead of ~/ (iV + -y) where
N k the DMT symbol length). A time domain equalizer
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(TEQ) to shorten the effective channel impulse response
has been the most popular equalization approach for DMT
systems [6] – [12]. This approach typically approximates
the channel transfer function in DMT system by an autore-
gressive moving average (ARMA) model:

B(z-1) .-z-d~::o’ h-i
(1)~(z-l) = ~(z.l) = ~lI;l ~iz-i

A TEQ whose transfer function is equal to A(z - 1, can
be introduced at the receiver side, such that the cascade
of channel If(z– 1) and TEQ approximates a sufficiently
short target response B(z–l ). In Eqn. (l), L is the length
of the target response that should be less than or equal
to -y + 1, M is the length of the TEQ filter, and d is the
delay of the target response. Usually, the channel impulse
response can not be perfectly shortened by the TEQ such
that some residual energy of the shortened impulse response
will lie outside the ~ + 1 consecutive taps with the highest
total energy. We can use the shortening signal to noise
ratio (SSNR) [9] to measure the shortening capability of
the TEQ, which is defined as the ratio of the energy in the
largest consecutive ~+ 1 taps to the energy in the remaining
taps of the shortened response.

The TEQ design methods given in [7] – [10], use the
time-domain squared error at the TEQ output as the design
criterion and hence can not control the TEQ spectral shape
easily. In [11], we pose the TEQ problem completely in the
frequency domain. We introduce the weighted frequency-
domain leaat squares (WFD-LS) method and derive the cor-
responding algorithm by minimizing a squared cost func-
tion defined in the frequency domain. In this paper, we
show that by introducing a weighting function, we can ef-
fectively control the TEQ spectral shape and improve the
overall performance of the DMT system. We compare the
performance of WFD-LS algorithm with the time-domain
optimal (TD-OP) and time-domain least squares (TD-LS)
algorithms proposed in [9] and show that different weight-
ing functions can lead to different TEQ spectral shapes for
the WFD-LS algorithm. We also discuss two important ex-

tensions of our TEQ design approach to further improve
the DMT system performance.
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During the initial training phase in a DMT transceiver, a
pseudo-random sequence is transmitted repeatedly over the
channel to form a periodic signal. Suppc)se X(e–3Uk ) and
Y(e-’ti’ ) are the DFTs of the training and the received sig-
nals, then the channel frequency response can be estimated
as:

We would like to model the channel as the ratio of B(e-~”k )

and A(e–~”k), where A(e–~”k) and l?(e-~”~) are the DFTs
of the TEQ and target response with delay d respectively.
If there is no error in the modeling, we achieve:

~(e-iwk)x(e-~%
) = A(e-~uk)Y(e-iwk), k = O,... ,N– 1

(3)
or

If(e-~uk)A(e-~wk) = B(e-~wk), k = (),... ,N – 1 (4)

The coefficients of the channel response lh, the TEQ a and
the target response b are assumed to be real, which makes
their frequency responses conjugate symmetric. Hence we
can introduce the following frequency-domain least squares
cost function for the TEQ design:

NJ 2

El, (EJ)= ~ TV(k) lH(e-~wk)A(e-~tik ) – B(e-iwk )12 (5)
k=O

where f3T = [al)az . . . ,aM-l, bo, bI . . . ,tIL--l] is the vector
of all the parameters of the ARMA model to be estimated
(note that a. is assumed to be 1), N is the fast Fourier
transform (FFT) length (hence is even) as well as the DMT
symbol length, k is the index of the subchannel frequencies,
and W(k) is a non-negative weighting function which can
be used to control the TEQ spectral shape.

If we differentiate El, (0) with respect to parameter vec-
tor 0, and set the result to “zero, we obtain:

*e=p
where

‘=[::: :::]
r HO ,fLl ... ,UM-21

(6)

1:

PI MO ... /JM-3
4’11 = .

PM-2 PM-3 ... pO~ 1’

*12 =

‘Pal-l ‘Pd . . ‘pd+L-2

‘pal- 2 ‘~d-~ ... ‘pd+L–3

‘pd– M+l ‘pd–M+2 ‘f)&L–M

I
PO P1 ... PL-1

pl po .. PL–2

*22 = ,

fJL-1 PL–2 PO~ 1

p= [–m –/J2... –,UM-1

Pd pd+l pd+L–l]T,

and
N/2

Vi= ~ l~(e-’wk)12 cos(idk)w(~),

k=O

N/2

pi = ~ Cos(zh%)lv(k),

k=O

Rk = Re{H(e-~”k)}, I. = Im{H(e-~W’ )}.

Hence solution of the set of linear equations shown in
Eqn. (6) yields the optimal parameter vector 0 such that the
frequency-domain squared-error in Eqn. (5) is minimized.
We call the resulting algorithm the weighted frequency-
domain least squares (WFD-LS) algorithm. Note that an
unweight ed version of EIS(9) is used in [13] for a cent inuous-
time system modeling.

3. EXTENSIONS OF WEIGHTED
FREQUENCY-DOMAIN LEAST SQUARES

ALGORITHM FOR DMT SYSTEMS

Because of the leakage caused by finite length FFT opera-
tion at the receiver, the narrow band noise and interference
can be spread outside the band deteriorating the neighbor-
ing sub channel SNRS. In [14], Kerckhove and Spruyt pro-
posed a constrained MSE criterion for the frequency divi-
sion multiplexing @DM) based DMT system to reduce the
leakage of stopband noise and interference into the pass-
band. We can extend this idea by considering suppression
of all the noise and interference within the transmission
band and incorporating these into our frequency-domain
least squares cost function [12].

In the ADSL standard, two types of DMT systems are
defined for full-duplex operation. One is the FDM-based
DMT, where frequency bandwidth is split into upstream
and downstream bands. The other version of the DMT sys-
tem is called EC-based DMT, where the frequency bands
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for upstream and downstream data transmission are over-
lapped. Shortening the echo response can. reduce the com-
plexity of the echo canceler whose computational require-
ment is promotional to the length of the echo impulse re-
sponse [15], [16]. We can incorporate the joint channel and
echo responses shortening idea of [9] into our WFD-LS al-
gorithm [11].

4.

In this section,

SIMULATION RESULTS

we compare the performance of the WFD-
LS algorithm with the- two me~hods given in [9]: time-
domain optimal (TD-OP) and time-domain least squares
(TD-LS) algorithms. Also, we investigate the effect of dif-
ferent weighting functions on the resultant TEQ spectral
shapes and SSNR values of the shortened channel response.
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Figure 1: Test loop configurations
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Figure 2: Channel transfer function

Figs. 1 shows the configurations for CSA loops 4 and
6. Their squared transfer functions when cascaded with a
30–1000 kHz bandpass filter are given in Fig. 2. In this
simulation section, we only consider the downstream case,
that is, N = 512 and ~ = 32, and dc~ not consider the
additive noise effect in the channel.

First, two different weighting functions Wa(k) and wb (k)
shown in Fig. 3 are chosen for the WFD-LS algorithm. We
apply three TEQ training algorithms (TD-OP, TD-LS and

First Set of Weighting Functions
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Figure 3: First set of weighting functions for WFD-LS al-
gorithm

WFD-LS) to CSA loop 4 with TEQ length 20. The op-
timal delays of the target response for these four cases are
determined in terms of maximum SSNR values. The second
column of Table 1 shows the resultant SSNR values for the
four cases for CSA loop 4. We can see that TD-OP algo-
rithm achieves the best shortening performance because it
explicitly works to maximize the SSNR [9]. The SSNR val-
ues obtained by TD-LS and WFD-LS with W.(k) weighting
function are almost the same. For the WFD-LS algorithm
with wb (k) weighting function, the resultant SSNR is less
compared to that by TD-OP but better than those obtained
by the other two.

Since the ultimate goal in the TEQ design is to achieve
the maximum bit-rate, besides the SSNR measure, the TEQ
spectral shape plays an important role for maximization of
the channel throughput as it can be considered to be part
of the overall channel response [14], [17]. Next, we discuss
the resultant TEQ spectral shapes obtained by these three
methods. We note that the TEQ spectral shape obtained
by TD-OP results in deep nulls (see Fig. 4) although this
method is optimal in terms of SSNR. All subchannels that
coincide with these nulls or are near can only be assigned
none or small number of bits, resulting in an overall fre-
quency response that is undesirable [17]. The TEQ shapes
obtained by TD-LS and WFD-LS with W.(k) weighting
function for CSA loop 4 are very similar as shown in Fig.
4. When W&(k) is used as the weighting function for WFD-
LS algorithm, the TEQ gain near the high frequency end is
suppressed as would be expected by observing the charac-
teristics shown in Fig. 3. We also apply these three methods
to CSA loop 6 with TEQ length 14, and the results obtained
are consistent with those obtained for CSA loop 4 as shown
in Table 1 and Fig. 5.

Hence as shown in the simulations, WFD-LS allows
for effective control of the TEQ shape by selecting proper
weighting functions. The TD-OP algorithm is the most
computationally complex one since it is based on eigenvec-
tor computation [9]. The computational requirements for
the time-domain and frequency-domain LS methods on the
other hand are similar because they both solve a set of lin-
ear equations to obtain the coefficients of the TEQ.
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Table 1: SSNRS for different loops and algorithms
Channel USA loop d L~~

TD-OP 58.19 dB
TD-LS 55.39 dB a

WFD-LS (Wa(k)) 55.37 dB
WFD-LS (W6(k)) 56.72 dB m

Squared TEQ Transfer Funcfions for CSA Loop 4

so~~

.~o~~
o 50 100 150 2!00 250

Frequency bins

Figure 4: TEQ spectral shapes for CSA loop 4

Next, we show the relationship among different weight-
ing functions, TEQ spectral shapes and the resultant SSNR
values for WFD-LS algorithm. The TEQ length is chosen
as 14 and the delay of the target response as 22 for all the
following cases. We use the set of weighting functions shown
in Figs. 3 and 7 for GSA loop 6. As seen in Figs. 6 and 8,
the TEQ shape follows the weighting function trends in low
or high frequency bins. What is more important to note
is the change in the SSNR with different weighting func-
tions. Higher suppression of the low frequencies leads to
decrease in SSNR values and reverse for the high frequency
bins. Hence, the results suggest higher contribution from
the high frequencies to shortening noise amd also reempha-

:p.,,w ~,...,.....,/
_~o~~

o 50 too 150 :200 250
Frequency bins

Figure 5: TEQ spectral shapes for CSA loop 6
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Figure 6: TEQ spectral shapes for the first set of weighting
functions for GSA loop 6

Table 2: SSNRS obtained bv WFD-LS al~orithm for differ-
ent weighting functions for “CSA loop 6 -

Channel ] SSNR (dB) ~

-
Wd(kj

I

64.03 dB
w, (Is) 60.95 dB

size the fact that the SSNR, the index for shortening chan-
nel response, may not be the best measure for quantifying
optimal performance.

5. CONCLUSIONS

We introduce a frequency domain approach for designing
the time domain equalizer for the DMT system. The least
squares cost defined in the frequency domtin allows for con-
trol of the TEQ magnitude response by a weighting func-
tion. The performance of the algorithm derived, WFD-LS,
is comparable to that of time-domain least squares TEQ de-
sign when no weighting is used. As the simulation results
suggest, by appropriatee choice of the weighting function,
the resulting TEQ shape can be controlled with the objec-
tive of improving the channel throughput. The TEQ shape
also affects the SSNR values achieved, e.g., suppression of
the higher frequency bands improving the SSNR, approach-
ing the values obtained by the optimal time domain design
approach, TD-OP, for the cases we studied. When noting
the importance of the resulting TEQ shape on the overall
DMT performance, it is also important to emphasize the
presence of deep nulls in the spectrum achieved by the TD-
OP leading to an undesirable overall TEQ response even
though it is the best in terms of maximizing the SSNR, the
objective function used in its design.

We also noted two other important extensions with the
TEQ: echo and channel response shortening for the echo-
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Figure 7: Second set of weighting functions for WFD-LS
algorithm
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Figure 8: TEQ spectral shapes for the second set of weight-
ing functions for CSA loop 6

cancellation based DMT systems for reducing the complex-
ity of the echo canceler and joint noise suppression and
channel response shortening for improving the overall DMT
performance. For both cases, we can easily define the ap-
propriate objectives directly inthe frequency domain.
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